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This paper examines the single-degree-of-freedom wing-rock dynamic characteristics due to the presence of

hysteresis in the static rolling-moment coefficient with respect to the sideslip angle. Two simplified hysteresis cases

are considered: one represents full hysteresis and the other represents partial hysteresis. The approach used for

analyzing the problem is analytical, using the multiple-time-scales method. Using such an approach, approximate

solutions for the wing-rock amplitudes and frequencies as functions of the hysteresis parameters are obtained. These

analytical solutions, which lead to considerable insight into the aerodynamic hysteresis effect on wing rock, are

demonstrated to be in good agreement with the numerical results. It is also shown that, unlike the case involving the

nonhysteretic type of nonlinearity, in the presence of the hysteresis, wing rock can occur before the loss of the

dynamic roll-damping derivative.

Nomenclature

A = amplitude of oscillation
A1 = steady-state amplitude
B = phase correction
b = wing span
Cl = rolling-moment coefficient
~d = "d, hysteresis height parameter
~h��; _�� = hysteresis function
Ixx = moment of inertia about the roll axis
L = rolling moment
O�:� = order-of-magnitude notation
p = roll rate
q = dynamic pressure
S = wing area
t = time
W = work
� = angle of attack
� = angle of sideslip
� = �2 ��1, hysteresis transition width
" = small parameter
~� = "�, roll-damping parameter
�i = time scales
� = hysteresis width parameter
�i = hysteresis transition roll angle
� = roll angle
! = natural frequency of motion
^ = logical and
_ = logical or
_��� = d=dt, differential with respect to time

I. Introduction

W ING rock is uncommanded roll-dominated oscillatory
motion that an aircraft can experience in flight at high angles

of attack. Wing rock is a nonlinear phenomenon, manifested as limit
cycles [1–8], that could severely limit the maneuver performance of

an aircraft and could even lead to catastrophic consequences. The
degree of severity of wing rock is determined mainly by the
amplitude of the limit cycles and, to a lesser extent, by its frequency.

Mathematically, wing rock can occur when one or more nonlinear
terms are present in the equation(s) of motion. Possible scenarios
leading to the occurrence ofwing rock are the variation of damping in
roll with angle of sideslip, cubic variation of lateral derivatives with
roll rate and sideslip, and the presence of aerodynamic hysteresis in
the static rolling moment [9]. The first two scenarios have been
extensively studied [1–8]. Single- [1,3–5] and multiple-degree-of-
freedom cases [2,6–8] involving these scenarios have been
examined. In such scenarios, wing-rock occurrence is primarily
associated with the loss of dynamic roll or lateral–directional
damping derivative at high angles of attack. The latter is for the case
involving both roll and yaw degrees of freedom.

Some examples of hysteresis in the lateral aerodynamic coeffi-
cientswith angle of sideslip are shown in Fig. 1 [9]. Other experimen-
tal results on rolling-moment hysteresis can also be seen in [10]. In
contrast with thefirst two preceding scenarios, only a fewworks have
been reported on the investigation of wing rock due to aerodynamic
hysteresis, for example [11,12]. Such hysteresis, which could be due
to asymmetric vortex shedding, vortex breakdown, or periodic flow
separation and reattachment, is characterized by a double-valued be-
havior of the steady-state aerodynamic response to variations in one
of the motion variables such as angle of attack, angle of sideslip, or
spin rate [9]. Schmidt [11] used a control theory approach to demon-
strate the occurrence of wing rock in the presence of a simple
hysteresis in the variation of rolling-moment coefficient with respect
to sideslip. Schiff andTobak [12] used an aerodynamicmathematical
formulation thatallowsforhysteresis toexplain theseeminglyanoma-
lous data observed fromsomewind-tunnelwing-rockmeasurements.
Using such formulation, they were able to explain the effects of the
hysteresis on the effective dynamic roll-damping coefficient.

This paper is intended to further the work in the area by addressing
the detailed interrelation of the static rolling-moment hysteresis
parameters with the wing-rock properties, which has not been
covered in the previousworks. In this attempt, only a single degree of
freedom in roll is considered. Simple hysteresis models, such as
those used in [11,12], are used in the analysis. The approach used in
the study here is analytical, employing the multiple-time-scale
(MTS) method. This method has been used by Elzebda et al. [4] and
Nayfeh et al. [5] to study the effect of the cubic variation of the
rolling-moment derivatives with respect to the angle of attack on the
single-degree-of-freedomwing-rockmotion. Go and Ramnath [6–8]
also used this method, in conjunction with the center manifold and
bifurcation analysis, to solve for the multiple-degree-of-freedom
wing-rock cases. As can be seen later, by using the MTS method,
approximate solutions of the problem in parametric form can be
obtained. This approach seems to offer considerable advantages over
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numerical methods because the parameter interdependence can be
explicitly seen.

II. Equation of Motion

The equation ofmotion for the single-degree-of-freedom aircraft’s
roll motion at specific altitude, velocity, and angle of attack can be
expressed as follows:

Ixx ��� L�p; �; _�� (1)

where Ixx is the moment of inertia of the aircraft about the roll axis; ��
is the second time derivative of the roll angle �; and L is the
aerodynamic rolling moment, which, in general, is a function of roll

ratep, angle of sideslip�, and sideslip rate _�. Because the purpose of
the study is to investigate the effects of the hysteresis parameters on
the resulting motion, only the hysteretic type of nonlinearity is
considered in L, and the other terms are assumed to be linear.
Consequently, the rolling moment can be expressed as

L� Lpp� L��� L _�
_�� ~h��; _�� (2)

where Lp, L�, and L _� are the rolling-moment derivatives with

respect to the roll rate, sideslip angle (often called effective dihedral),

and sideslip rate, respectively; h��; _�� denotes the static rolling-
moment hysteretic nonlinearity, the form of which depends on the
hysteresis model considered; and the combination of the terms

L��� ~h��; _�� represents the static rolling moment of the system.
For an aircraft with only a roll degree of freedom,

p� _�; �� � sin�; _�� _� sin� (3)

where � is the angle of attack. Through these kinematic relations, all

functional relationships involving � or _� can be represented as a

functional relationship with � or _�. The substitution of Eqs. (2) and
(3) into Eq. (1) yields

��� !2�� ~� _�� ~h��; _�� (4)

where

!2 ��
L� sin�

Ixx

and

~��
Lp � L _� sin�

Ixx

represent the linear stiffness coefficient (contributed mainly by
effective dihedral) and dynamic roll-damping derivative, respec-
tively. Equation (4) is the general equation of rolling motion
involving hysteretic nonlinearity and is the focus of the analysis here.
At high angles of attack and in the vicinity of wing rock, the damping
coefficient is usually small. Then, by considering the case in which

the hysteretic nonlinearity is also small (i.e., small j ~h��; _��j), which

physically corresponds to the situation in which hysteresis starts to
appear in the system, Eq. (4) can be parameterized as follows:

��� !2�� "�� _�� h��; _��� (5)

where ~h��; _�� � "h��; _�� and ~�� "�with j"j � 1. Equation (5) is
in the form that is suitable for the application of the MTS method, as
described next. Note that in general, the results obtained using the
MTS approach are only valid when the preceding assumptions
leading to the parameterization in Eq. (5) are satisfied.

III. MTS Method

The MTS method [13,14] is an analytical approach to obtain
approximate solutions to physical problems involving a mixture of
rapid and slow variations. A problem of this kind is usually
recognized by the existence of a small parameter in its formulation.
Themain idea of theMTS approach is the selection of the appropriate
time scales to observe the behavior of a system. The number of time
scales chosen may affect the level of accuracy of the solution
obtained. In many applications, however, the use of only two time
scales is often adequate to capture the important aspects of the system
dynamics.

In the mechanization of the MTS method, the independent
variable, which is time t in this context, is extended to a space of
higher dimension:

t! f�0; �1; . . . ; �ng (6)

The time scales �0; �1; . . . ; �n, which are normally functions of t and
the small parameter " [i.e., �i � fi�t; "�; j"j � 1], are the result of
this extension. Each time scale captures a certain behavior of the
system. The relation between �i and " in this case determineswhether
the time scale is fast or slow. Figure 2 illustrates this concept.

For an ordinary differential equation, as the consequence of the
extension of t, the dependent variable y�t; "� is also extended as

y�t; "� ! Y��0; �1; . . . ; �n; "� (7)

Therefore, an ordinary differential equation will become a partial
differential equation. The resulting partial differential equation,
however, is often simpler and easier to solve than the initial ordinary
differential equation. Once Y is solved, one can substitute back the
time scales to get the approximate solution in time t:

Y��0�t; "�; �1�t; "�; . . . ; �n�t; "�; "� � y�t; "� (8)

For the equation of motion (5), the MTS method is invoked with
the following extensions:

t! f�0; �1g �0 � t; �1 � "t (9)

��t� ! �0��0; �1� � "�1��0; �1� �O�"2� (10)

In this formulation, �0 and �1 represent the fast and the slow time
scales, respectively. With this extension, Eq. (5) becomes

Fig. 1 Moment and force coefficient hysteresiswith angle of sideslip [9].

Fig. 2 The concept of extension [13,14].
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@2�0
@�20
� !2�0 � "

�
@2�1
@�20
� 2

@2�0
@�0@�1

� !2
0�1

�

� "
�
�
@�0
@�0
� h��0; _�0�

�
�O�"2� (11)

Only terms up to O�"� are retained in the preceding equation,
because these are sufficient to obtain the zeroth-order approximation
of the solution. Equating groups of the same order on the left- and the
right-hand sides of Eq. (11) leads to

O�1�:

@2�0
@�20
� !2�0 � 0 (12)

O�"�:

@2�1
@�20
� 2

@2�0
@�0@�1

� !2�1 � �
@�0
@�0
� h

�
�0;
@�0
@�0

�
(13)

The O�1� equation does not depend on h��; _��; thus, regardless of
the hysteresis model used, the zeroth-order solution will have the
following form:

�0 � A��1� sin ;  � !�0 � B��1� (14)

This means that the resulting motion is oscillatory. The functions A
and B represent the amplitude and the phase correction of the
solution. Note that, in general, A andB vary with the slow time scale
�1. Once these variations are known, the zeroth-order approximation
of the motion dynamics is complete. These variations are found by
substituting Eq. (14) into Eq. (13), which yields

@2�1
@�20
� !2�1 �

�
�A! � 2

dA

d�1
!

�
cos 

�
�
2A!

dB

d�1

�
sin � h

�
�0;

@�0
@�0

�
(15)

Equation (15) suggests that the amplitude and phase properties
depend on the rolling-moment hysteresis involved. Evaluation of
these properties for two types of hysteresis is discussed next.

IV. Case I: Full Hysteresis of Cl vs �

This form of hysteresis is the same as that used by Schmidt [11]. In
this case, the rolling-moment coefficient Cl is double-valued for all
values of� (or, equivalently,�), as depicted in Fig. 3. The value ofCl
depends on the sign of the sign of _� (or _�). As the arrows indicate,

when _� is positive, it follows the upper path, and when _� is negative,
it follows the lower path. These upper and lower paths are assumed to
be parallel and have equal-but-opposing sign crossing values with
respect to the vertical axis (	�Cl). In this case, the hysteresis loop is
of the form of a parallelogram of height 2�Cl. The jumps between
these two paths are assumed to be perfectly vertical, which indicates

the instantaneous change of values when _� changes sign.
Mathematically, the contribution of this hysteresis to the rolling-

moment coefficient can be expressed as

Cl;hysteresis ��Cl sgn� _�� (16)

For this hysteresis, ~h��; _�� in Eq. (4) can be written as

~h� _�� � ~d sgn� _�� (17)

where ~d � �ClqSb=Ixx. Note that q is the dynamic pressure, S is the

wing area, and b is the wing span. In this case, ~h is a function of _�
only, and with " parameterization, as in Eq. (5), one gets

h� _�� � d sgn� _�� (18)

where ~d� "d.
To find the amplitude and phase variations due to such hysteresis,

Eq. (18) is substituted into Eq. (15) to yield

@2�1
@�20
� !2�1 �

�
�A! � 2

dA

d�1
!

�
cos 

�
�
2A!

dB

d�1

�
sin � d sgn�cos � (19)

To get a continuous and smoothmathematical representation, the last
nonlinear term is expanded by using the Fourier series [15], as
follows:

sgn �cos � � 4

�
cos � 4

3�
cos 3 � � � � (20)

By retaining only the first harmonic term of the expansion, Eq. (19)
becomes

@2�1
@�20
� !2�1 �

�
�A! � 2

dA

d�1
!� 4d

�

�
cos 

�
�
2A!

dB

d�1

�
sin (21)

Nonzero cos and sin terms on the right-hand side of the equation
give rise to secular terms of the form �0 cos and �0 sin in the
solution for �1. Such secular terms make the solution nonuniform,
because �0 cos and �0 sin !1 as �0 !1. Therefore, to obtain
a uniform solution, the coefficients of the cos and sin termsmust
be set to zero. This leads to the following amplitude and phase-
correction equations:

dA

d�1
� �

2
A� 2d

�!
(22)

dB

d�1
� 0 (23)

The solution of the phase-correction equation (23) yields

B� constant (24)

This means that the wing-rock frequency is constant and is the same
as !. In other words, the wing-rock frequency is proportional to the
square root of the aircraft’s effective dihedral.

Integration of the amplitude Eq. (22) results in

A�� 4d

��!
�
�
K � 4d

��!

�
exp

�
��1
2

�
(25)

where K is a constant of integration determined by the initial
condition.

If �> 0, the amplitude of the oscillations diverges. If � < 0, the
second term in the right-hand side of Eq. (24) decays exponentially in
�1 and as �1 !1, this term goes to zero. In other words, the
amplitude becomes constant in the steady-state condition. This is the
situation in which sustained limit-cycle oscillations (wing rock)
occur. The steady-state wing-rock amplitude is given byFig. 3 Static rolling-moment full-hysteresis curve.
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A1 ��
4 ~d

� ~�!
(26)

This result suggests that the amplitude of the steady-state wing-rock

motion is proportional to the hysteresis height (�Cl through ~d) and
inversely proportional to the dynamic roll-damping derivative ~� and
to the frequency of the motion !.

The condition for the sustained wing rock in the presence of the
static rolling-moment full hysteresis is different from that with the
nonhysteretic type of nonlinearities, as presented in [1–8]. With the
nonhysteretic nonlinearities, wing rock is developed due to the loss
of the dynamic roll-damping derivative ( ~� 
 0). However, in the
presence of the hysteresis, sustained wing rock occurs when the
dynamic roll damping is still present ( ~� < 0). In this case, the onset of
wing rock is the onset of the hysteresis itself.

The accuracy of this analytical approach is examined by
comparing the results with those obtained from direct numerical

integration of Eq. (4), with ~h as given by Eq. (17). The values of the
parameters ! and / are chosen to be within the range of typical
values for small fighter aircraft at high angles of attack. Figure 4
shows such a comparison for !� 2 rad=s2, ~���0:1 s�1, and
~d� 0:05 s�2 with the same initial conditions. In this case, the
analytical approximation is in excellent agreement with the
numerical integration result. The transient and steady-state wing-
rockmotions are predicted very accurately by the analytical solution.
Table 1 presents comparison results for other parameters values. It
can be observed from this table that for all the cases tried, excellent
agreement (up to three decimal digits) between the analytical and
numerical results is demonstrated.

V. Case II: Partial Hysteresis of Cl vs �

A still-simplified, but more generic, hysteretic nonlinearity,
similar to that formulated in [12], is considered here (see Fig. 5). In
this case, Cl hysteresis does not occur for all values of � (or �), but
only within a certain range (�� � � � �). Within this range, Cl is

double-valued depending upon the sign of _� (or _�), as indicated by
the arrows in Fig. 5. For simplicity, the hysteresis paths are assumed
to be parallel and the jumps are perfectly vertical. With these
assumptions, the hysteresis loop forms a parallelogram of height
2�Cl and width 2�.

Such hysteresis can be expressed as

h��; _�� �

8<
:
d; � � ��
d sgn� _��; ��< � <�

�d; � 
 �

(27)

where d is defined as before. As in the previous case, h is substituted
into Eq. (15) and then h��0; �@�0=@�0�� is approximated using
Fourier series expansion, as follows [15]:

h� 4d

�

�
�

A
cos �

����������������������
1 �

�
�

A

�
2

s
sin 

�
� � � � (28)

Equation (28) only shows the first harmonic terms of the
expansion, which is sufficient to obtain the zeroth-order
approximation of the solution. Substituting Eq. (28) into Eq. (15)
gives

Table 1 Comparison between numerical and analytical results for full

Cl � � hysteresis

!, rad=s � ~�, s�1 ~d, s�2 Numerical
amplitude,

rad

Analytical
amplitude,

rad

1.50 0.10 0.03 0.2547 0.2546
1.50 0.10 0.05 0.4245 0.4244
1.50 0.20 0.03 0.1275 0.1273
1.50 0.20 0.05 0.2124 0.2122
2.00 0.10 0.03 0.1907 0.1910
2.00 0.10 0.05 0.3184 0.3183
2.00 0.20 0.03 0.0956 0.0955
2.00 0.20 0.05 0.1592 0.1592

Fig. 5 Static rolling-moment partial-hysteresis curve.

Fig. 4 Wing rock for Cl � � full hysteresis; !� 2 rad=s2, ~���0:1 s�1, and ~d� 0:05 s�2, with initial condition ��; _�� � �0; 0:3 rad=s�.
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@2�1
@�20
� !2�1 �

�
�A! � 2

dA

d�1
!� 4d�

�A

�
cos 

�
�
2A!

dB

d�1
� 4d

�

����������������������
1 �

�
�

A

�
2

s �
sin (29)

Setting the coefficients of the cos and sin terms to zero to avoid
the secular terms leads to the following amplitude and phase-
correction equations:

dA

d�1
� �

2
A� 2d�

�!A
(30)

dB

d�1
� 2d

�!A

����������������������
1 �

�
�

A

�
2

s
(31)

Solving Eq. (30) by means of separation of variables and integration
yields

A�

�������������������������������������������
� 4 ~d�

~��!
� k exp���1�

s
(32)

where k is a constant of integration, the value of which depends on
the initial condition. It can be observed from Eq. (32) that sustained
wing rock occurs when � < 0, because the second term under the
square root sign decays to zero as �1 !1. The amplitude of the
steady wing-rock motion is

A1 �

���������������
� 4 ~d�

~��!

s
(33)

Note that 4 ~d� / 4�Cl�, which is the area of the hysteresis loop.
Hence, this result suggests that for the type of the hysteresis pattern
considered, the wing-rock amplitude is proportional to the square
root of the area of hysteresis loop. This statement is also valid for the
full-hysteresis case (case I) by replacing� in Eq. (33) with A1. This
makes sense from the energy point of view, because hysteresis area is
proportional to the energy pumped into the system. The larger the
hysteresis area, the larger the energy that is pumped into the system,
and, consequently, the larger the resulting wing-rock amplitude.

Equation (31) can be solved by integration once the expression for
the amplitude is obtained. This leads to

B��1� �
Z

2d

�A!

����������������������
1 �

�
�

A

�
2

s
d�1 � B0 (34)

where B0 is a constant of integration that is determined from the
initial condition. Note that for Eq. (34) to be real, the following
condition must be satisfied:

�<� 4 ~d

~��!
(35)

The situation in which this is not satisfied corresponds to the
oscillation that occurs only within the hysteresis region, which leads
back to case I.

Figure 6 compares the numerical and the analytical results for

!� 2 rad � s�2, ~���0:1 s�1, ~d� 0:05 s�2, and�� 0:1 radwith
the same initial conditions. Again, it can be observed that they are in
very good agreement with each other. Table 2 shows the comparison
between the numerical and analytical result for various values of�.
For the cases tried, agreement up to two decimal digits can be
achieved.

VI. Deviations to Partial-Hysteresis Case

Somedeviations to the ideal case-II hysteresis type are also studied
to examine the generalizability of the results obtained. The
deviations considered are shown in Figs. 7 and 8. The first type of
deviation (Fig. 7) accommodates the case in which the jumps are not
vertical, but are still parallel to each other. The second type of
deviation (Fig. 8) exemplifies the case in which the Cl � � gradient
on the hysteresis loop is different from that outside of the loop.
Analyses for these two types of deviations are presented next.

Fig. 6 Wing rock for Cl � � partial hysteresis; !� 2 rad=s2, ~���0:1 s�1, ~d� 0:05 s�2, and �� 0:1 rad, with initial condition

��; _�� � �0; 0:2 rad=s�.

Table 2 Comparison between the analytical and numerical results for

Cl � � partial hysteresis for various values of � (!� 2 rad=s2,
~���0:1 s�1, and ~d� 0:05 s�2)

�, rad Analytical Numerical

Amplitude, rad Period, s Amplitude, rad Period, s

0.100 0.1784 3.0300 0.1751 3.0367
0.175 0.2360 3.0721 0.2338 3.0750
0.200 0.2523 3.0825 0.2504 3.0825
0.225 0.2676 3.0900 0.2661 3.0900
0.250 0.2821 3.1000 0.2809 3.0967
0.275 0.2959 3.1100 0.2950 3.1125
0.300 0.3090 3.1200 0.3086 3.1225
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A. Nonvertical Jump Deviation

For this deviation, h��; _�� in Eq. (5) becomes

h��; _�� �

8>><
>>:
d; � < ��2

� 2d
�
��� sgn� _���
; �� _� 
 0� ^ ��1 � � � �2�
 _ �� _� < 0� ^ ���2 � � � ��1�


d sgn� _��; ���2 � � � �1� _ ���1 � � � �2�
�d; � >�2

(36)

where d is as defined previously.

By invoking the MTSmethod and expanding h��0; �@�0=@�0�� in
terms of Fourier series, it can be shown that the steady wing-rock
motion amplitude is still given by Eq. (33). However, the phase
correction is now given by

B��1� � �
Z

p

2A!
d�1 � B0 (37)

where

p� 2d

�

�
2�

�
� 1

�
cos

�
sin�1

�
�1

A

��

� 2d

�

�
2�

�
� 1

�
cos

�
sin�1

�
�2

A

��
� 2dA

��

�
sin�1

�
�2

A

�

� sin�1
�
�1

A

��
� dA
��

�
sin

�
2sin�1

�
�2

A

��

� sin

�
2sin�1

�
�1

A

���
(38)

Figure 9 shows the comparison between the analytical and

numerical solutions for !� 2 rad � s�2, ~���0:1 s�1, ~d� 0:1 s�2,
�� 0:05 rad, and �� 0:02 rad. This figure shows that the
frequency predicted by the analytical method is in a good agreement
with the numerical integration result. There are some discrepancies
in the amplitude results; however, they are relatively small, which is
less than 5% for this particular example. Table 3 shows further

Fig. 7 Static rolling-moment hysteresis with nonvertical jumps; �2 �
�1 � � and ��2 ��1�=2��.

Fig. 8 Static rolling-moment coefficient with hysteresis gradient

deviation.

Fig. 9 Wing rock for Cl � � hysteresis with nonvertical jumps; !� 2 rad � s�2, ~���0:1 s�1, ~d� 0:1 s�2, �� 0:05 rad, and �� 0:02 rad, with
initial condition ��; _�� � �0; 0:23 rad=s�.
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comparison for various values of �, while keeping !, ~�, ~d, and �
constant at the preceding values. As can be seen from this table, the
changes in � value virtually have no effect on the amplitude and
frequency of wing rock, and the analytical results correctly predict
this.

B. Hysteresis Gradient Deviation

For this type of deviation (Fig. 8), h��; _�� can be expressed as
follows:

h��; _�� � �u����� � u�����

�
d sgn� _�� � d

�
�

�
(39)

where u is the Heaviside or unit step function, and d is the hysteresis
height parameter, as defined previously. Note that in the preceding
equation, d=� indicates the gradient deviation of the hysteresis loop
(compared with the gradient of the line outside of the hysteresis
loop).

By using the same mathematical procedure as before, it can be
shown that this deviation leads to the same steady-state wing-rock
amplitude [Eq. (33)] and the same form of phase-correction
equation (37) with

p�
�
2d

��
sin�1

�
�

A

�
� 2d

�A

����������������������
1 �

�
�

A

�
2

s �
A (40)

Figure 10 shows the comparison between the analytical and

numerical solutions for !� 2 rad � s�2, ~���0:1 s�1, ~d� 0:1 s�2,
and �� 0:05 rad. Again, this comparison indicates that the

analytical results are fairly accurate. Moreover, Table 4 shows that
the analytical prediction can hold up well against the numerical
results for various values of �. Unlike the nonvertical jump
deviation, the hysteresis gradient deviation can have significant
effects toward the resulting wing-rock amplitudes. Wing-rock
frequency is not affected much by this type of deviation.

The preceding results obtained suggest that the shape of the
hysteresis loop does not have a significant effect on the wing-rock
properties. To a first approximation, the steady-state wing-rock
amplitude in the presence of static rolling-moment hysteresis with
sideslip is found to be proportional to the square root of the area of the
hysteresis loop. Similarly, although the phase corrections vary
according to the geometric shape of the hysteresis loops, their values
are relatively small and the main contributor to the wing-rock
frequency is still the effective dihedral.

VII. Energy Considerations

The manifestation of wing rock in the limit-cycle type of motion
implies that there is no net inflow or outflow of energy into or out of
the system when the steady-state motion has been reached. For the
single-degree-of-freedom roll motion considered, the workW done
to the system in one cycle of motion is given by

W �
I
L��; _�� d� (41)

which can also be written as

Table 3 Comparison between the analytical and numerical results for

nonvertical Cl � � hysteresis (!� 2 rad � s�2, ~���0:1 s�1,
~d� 0:1 s�2, and �� 0:05 rad)

� Analytical Numerical

Amplitude, rad Period, s Amplitude, rad Period, s

0.01 0.1784 2.89 0.1705 2.89
0.02 0.1784 2.89 0.1705 2.90
0.03 0.1784 2.89 0.1705 2.90
0.04 0.1784 2.89 0.1705 2.90
0.05 0.1784 2.89 0.1705 2.90
0.06 0.1784 2.89 0.1705 2.90

Fig. 10 Wing rock for Cl � � hysteresis with gradient deviation;!� 2 rad � s�2, ~���0:1 s�1, ~d� 0:1 s�2, and�� 0:05 rad, with initial condition

��; _�� � �0; 0:2 rad=s�.

Table 4 Comparison between the analytical and numerical results for

Cl � � hysteresis with gradient deviation (!� 2 rad � s�2,
~���0:1 s�1, and ~d� 0:1 s�2)

�, rad Analytical Numerical

Amplitude, rad Period, s Amplitude, rad Period, s

0.05 0.1784 3.1491 0.1787 3.10
0.15 0.3090 3.1554 0.3100 3.15
0.25 0.3989 3.1606 0.4009 3.20
0.35 0.4720 3.1659 0.4751 3.15
0.45 0.5352 3.1721 0.5392 3.20
0.55 0.5917 3.1807 0.5968 3.20
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0�� ~� _�� ~h��; _��
�
d� (42)

where w � W=Ixx. It can be shown mathematically that for the

various forms of ~h considered, Eq. (42) does evaluate to zero in the
steady-state condition, which is consistent with the previous
statement.

Graphically, it means that in steady state, the areas enclosedwithin
the clockwise (destabilizing) and counterclockwise (stabilizing)
loops in the Cl-vs-� response curve are identical. Figure 11 depicts
the Cl-vs-� curve for the full-hysteresis case, and Fig. 12 shows the
Cl-vs-� curve for the partial-hysteresis case. Although the areas
enclosed by the counterclockwise and clockwise loops can be shown
to be the same for each figure, the pattern of theCl-vs-� diagrams for

the two cases are different in terms of the location of the vertical
jumps and the stabilizing/destabilizing loops. The location of the
jumps in the Cl-vs-� diagrams corresponds to the location of the
jumps in the static rolling-moment hysteresis curves (Figs. 3 and 5).
In the full-hysteresis case (Fig. 11), the jumps occur at the amplitudes
of the limit cycles, whereas for the partial-hysteresis case (Fig. 12),
the jumps occur below the amplitudes. The location of the
stabilizing/destabilizing loops is also different for the two examples.
In the full-hysteresis case, the stabilizing loop (counterclockwise)
appears at the lower values of �, whereas the destabilizing loops
appear at the larger values of�. The situation is somewhat reversed in
the partial-hysteresis case, inwhich the stabilizing loops appear at the
larger values of � and the destabilizing loop appears at the lower
values of �. This suggests the difference of the nature of the flow
dynamics for the two cases.

Fig. 11 Steady-state Cl-vs-� response for the full-hysteresis case.

Fig. 12 Steady-state Cl-vs-� response for the partial-hysteresis case.

856 GO AND LIE



VIII. Conclusions

Single-degree-of-freedom wing rock due to static rolling-moment
hysteresis with sideslip is analyzed in this work using an analytical
approach employing the multiple-time-scales method. Approximate
solutions relating the hysteresis parameters with the resulting wing-
rock properties are obtained, leading to a better understanding on the
effects of these parameters to the wing-rock motion. Full and partial-
hysteresis cases are considered, as well as the effects of some
deviations to the ideal hysteresis curves. The analytical solutions
obtained are shown to have a very good agreement with the
numerical integration results. Overall, the results suggest that for
wing rock due to the static rolling-moment hysteresis with sideslip,
the amplitude is proportional to the square root of the static hysteresis
loop area, and the frequency is affected mainly by the effective
dihedral.

Wing-rock occurrence due to nonhysteretic type of nonlinearity
has been associated with the loss of dynamic damping derivatives at
high-angle-of-attack flight. The results presented here, however,
indicate that when static rolling-moment hysteresis with sideslip is
present, wing rock can occur even before the dynamic roll-damping
derivative is lost. This suggests that the general onset of wing rock
may need to be defined properly in light of the types of nonlinearities
present in the system.
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